GLUING FORMULAE FOR DONALDSON INVARIANTS FOR 
CONNECTED SUMS ALONG SURFACES 

VICENTE MUNOZ 

a^: 

^~~^ . Abstract. Following our work in [18], we prove a gluing formula for the Donaldson 

r^ ' invariants of the connected sum of two four-manifolds along surfaces of the same 

D . genus g, self-intersection zero and representing odd homology classes, solving a 

1^ ' conjecture of Morgan and Szabo [14]. 

\o'. 

^ ■ 1. Introduction 

O ' This paper tries to answer the question of the behaviour of the Donaldson invariants 

^ ■ under connected sums along surfaces of arbitrary genus g > 2 and self-intersection 

Q . zero. The problem was first motivated by the computation of the basic classes of 

t^^ I elliptic surfaces. The general elliptic surface with 6+ > 1 and simply connected, is 

■^ I constructed by the process of connected sum along embedded tori of self-intersection 

Srv' zero from elementary pieces (rational elliptic surfaces and homotopy KS-surfaces) . 

' , After establishing the appropriate gluing formula for the behaviour of Donaldson 

1-^ I invariants under the operation of connected sum along embedded tori, the information 

l^ • of the basic classes for some particular examples gives the basic classes of any such 

v~j ■ elliptic surface. This has been carried out by many authors [13] [3] [17] [15] [19]. 

^ ; The following natural case is the connected sum along embedded surfaces of genus 

g = 2. Morgan and Szabo [20] [14] treated the case when the self-intersection of one of 
the surfaces is 1 (and the other —1). The author [18] [17] has solved the case in which 
the surfaces have self-intersection zero and are odd in homology, giving a number of 
nice applications. For this he used the Fukaya-Floer homology as developed in [1]. 

The case we are going to deal with in this paper is the connected sum along em- 
bedded surfaces of higher (arbitrary) genus g, self-intersection zero and odd, giving a 
positive answer to the conjectures in the literature [14, conjecture 7.2] [17, conjecture 
5.27]. 

Let X be a smooth, compact, oriented four-manifold with b~^ > 1 and b^ — hi odd. 
For any w G H^{X] Z), Dx will denote the corresponding Donaldson invariant [4] [12], 
which is defined as a linear functional on A(X) = Sym*(i7o(X) ©if2(-^)) ® A* Hi{X) 
{H^{X) will always denote homology with rational coefficients, and similarly for 



c^ 
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H*{X)). Let X G Hq{X) be the class of a point. Then Kronheimer and Mrowka [12] 
define X to be of simple type (with respect to w) when D^[{x'^ — 4)z) = for all 
z G A(X), and in that case define 

B-{z)=D-{{l + ^)z), 

for all z G Sym*iJ2(-^)- The series ©^(e*"), a G H2{X), is even or odd depending on 
whether 

do = do{X,w) = -w^ - ^(1 -h + 6+) 

is even or odd. When bi = and 6+ > 1, X is of simple type with respect to some w 
if and only if it is so with respect to any w. In such case, X is just called of simple 
type. 

Proposition 1 ([12]). Let X be a manifold of simple type with bi = and 6+ > 1 
and odd. Then we have 



I)-(e-) = e«(°)/2y-^^.^g/^,.a 



a 



'j> 



for finitely many Kj G H^{X; Z) (called basic classes) and aj^,, 
where Qj are rational numbers (the collection is empty when the invariants all vanish). 
These classes are lifts to integral cohomology ofw2{X). Moreover, for any embedded 
surface H ^^ X of genus g and with T? > 0, one has 2g — 2 > J]^ + \Kj ■ S|. 

Definition 2 ([18]). (w, S) is an allowable pair if w, S G H^{X;Z), w ■ i: = 1 
(mod 2) and S^ = 0. Then we define 

When 6+ = 1, the invariants depend on the metric through a structure of walls and 
chambers [10] and therefore we have to specify the metric. As tu ■ S = 1 (mod 2), 
we have that S is contained in the closure of a unique chamber of type {w,pi) for 
every pi < 0, pi = w"^ (mod 4). So, in the case that the invariants only depend on 
the metric through the period point (for instance, simply-connected manifolds [11] 
and S X CP^, with S a Riemann surface, which are all the cases we need for our 
arguments), we shall consider the invariants referring to the chambers defined by S. 

The series D)^' (e*")j ct G H2{X), is even or odd according to whether do is even 
or odd. Since {w + S)^ = w'^ + 2 (mod 4), we can recover Dx and D^^ from D^' ■ 

Proposition 3 ([18]). Suppose X is a manifold of simple type with 6i = andb^ > 1 
and odd. Write the Donaldson series as D^(e") = e'^*^"^/^ X^aj>e^^'"- Then setting 
do = do{X,w) 



w) = —w'^ ■ 


- |(1 + 6+) we have 


Dp''\e'') : 


= eQW/2 J2 a,-^e^^- + e-«(")/2 ^ ^-do^^.^^.i^,-. 




Kj-Y:=2 (mod 4) Kj-S=0 (mod 4) 
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So giving Dj^ is equivalent to giving D)^' . 

Remark 4. Under the conditions of proposition 3, we can prove in a similar fashion 
that 

Kj-T.=2 (mod 4) Kj-T,=0 (mod 4) 

and using that dJ''^^(x" e"+^) = ^ ^^^"'^^(SVe"), one has 

Kj-T,=2 (mod 4) 

^g-Q(a)/2 J2 ?-*a,- ^(-2)'^ ((-a + 2 ir,) • S)^ e*^^-" 

iiTj -S^O (mod 4) 

Definition 5 ([18]). We say that (X, S) is permissible if X is a smooth compact 
oriented four-manifold and S "-^ X is an embedded Riemann surface of genus g > 2 
and self- intersection zero such that [S] G H2{X; Z) is odd (its reduction modulo 2 is 
non-zero, or equivalently, it is an odd multiple of a primitive homology class). So we 
can consider w G H^{X; Z) with w ■ S = 1 (mod 2). Then {w, S) is an allowable pair. 
This implies that 6"^ > 0. Let Nj] = A = "E x D^ be an open tubular neighbourhood 
of S and set X° = X - Nj^. Then dX° = F ^ S x S^ (but the isomorphism is not 
canonical) . We consider one such isomorphism fixed and (when necessary) we furnish 
X° with a cylindrical end, i.e. we consider X° U [Y x [0, oo)) (and keep on calling it 
X°). 

We call identification for V = S x §^ any (orientation preserving) bundle auto- 
morphism (f) : Y ^ Y. Up to isotopy, depends only on the isotopy class of the 
induced diffeomorphism on S and on an element of H^{Ti; Z). 

Definition 6 ([18]). Let (Xi, Si) and (X2, S2) be permissible, with Si and S2 of the 
same genus g. We pick orientations so that dX^ = —8X2 = Y (minus means reversed 
orientation). Then X = X(0) = X° U,^ X2 = Xi 7^2-^2 is called the connected sum 
along S of (Xi,Si) and (X2,S2) (with identification (p). It is a compact, naturally 
oriented, smooth four-manifold with an embedding Y "-^ X such that X — Y = 
Xi° U X" C Xi U X2. 

The induced homology classes [Si] and [S2] coincide and are induced by an em- 
bedded S ■— > X. Then (X, S) is permissible. Choose Wi G H'^{Xi\7j), i = 1,2, and 
w G H^{X; Z) such that Wj ■ Sj = 1 (mod 2), tf ■ S = 1 (mod 2), in a compatible way 
(i.e. the restricition of w to X° C X coincides with the restriction of Wi to X° C Xj). 
Always w"^ = wf + w^ (mod 2). Changing w by w -|- S if necessary, we can always 
suppose w"^ ^ w'l + W2 (mod 4). In general, we shall call w all of them, not making 
explicit to which manifold they refer. Note also that if 61 (Xi) = 61 (X2) = then 
6i(X) = 0and6+(X) > 1. 
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Remark 7. There is a case when there is a preferred identification. Suppose Xi 
and X2 are complex surfaces, S is a complex curve of genus g and there are holo- 
morphic embeddings S "-^ Xi, with image Ej, i = 1,2, such that [Sj] is odd and 
has self-intersection zero. Then the holomorphic normal bundle to Sj gives a pre- 
ferred isomorphism dN-£. -^ Sj x S^ = E x S^, and hence a preferred identification 
(9X° ^ -(9X°. 

Remark 8. Let Xi and X2 be as in definition 6 and X = Xi#s^2- Then homology 
orientations for Xi and X2 induce conically a homology orientation for X. To see 
this, define H^{X°) to be a maximal definite positive subspace for the intersection 
pairing of X° restricted to the image of i^2(X°) ^ H2{X°, dX°) = H^{Xf). Then it 
is esay to see that the exact sequence for the pair {Xi,X°) and the Mayer- Vietoris 
sequence for X = X° U X2 yield the following exact sequences 

^ H\X,) ^ H\Xt) ^ H'{A, dA) ^ HliX,) ^ if^(X°) ^ 

^ H\X) -^ H\X1) ® H\X^) -^ H\Y) -^ Hl{X) -^ Hl{Xl) ® Hl{X°) -^ 0, 

where A = S x D^ as before. We fix an orientation of H^{Y) (it does not change when 
we reverse the orientation of Y). So homology orientations for Xi and X2 induce a 
homology orientation for X. 

Let n = {D e H2{X)/D\y = A;[§i] G Hi{Y), some keQ}. This subspace of 
H2{X) contains the image of 7/2(^1°) ©^^2(^2)- Fo^' every D eU, choose A e i/2(-'i^i) 
agreeing with D (i.e. Di\x° = D\x°-, i = 1-, 2) and with D^ = Df + D|. Moreover, we 
can suppose that the map D \-^ {Di, D2) is linear. Actually, once chosen one of such 
maps, any other is of the form D 1-^ {Di + rS, D2 — tS), for a (rational) number r. 
Let us state now our main result. 

Theorem 9. Suppose (Xi,Si) and (X2, S2) are permissible with Si and S2 of the 
same genus g > 2. Suppose also that Xi, X2 have both hi = and b~^ > 1 and are 
of simple type. Let ©xje") = e^^^^/^ ^a^^^e-^^'" and ©Xal^") = e^^")/^ ^ 6fe,^e-^'=-". 
Choose any identification and let X = X(0) = Xi 7^x1-^2 be the connected sum along 
S, with the induded homology orientation. Suppose finally that X is of simple type. 
Let w G H'^{X; Z), Wi G H'^{Xi; Z), i = 1,2, in a compatible way, such that Wi-T^i = 1 
(mod 2), w-S = 1 (mod 2) and w^ =wl + wl (mod 4). For every D G TC, we choose 
Di G H2{Xi) agreeing with D satisfying D'^ = Df + D^ in such a way that the map 
D 1-^ {Di,D2) is linear. Then 



(Kj-Di+Lk-D2-2T.-D)t\ 



,ny_ 


Kj-T.- 


=Lfc-E=2g 


-2^-^a, 
-2 


,wbk,: 


+ 


1: 

--Lk-T,=- 


(- 
-(29-2 


.1)9 2^9- 

) 


9 , 


e(^. 



DONALDSON INVARIANTS FOR CONNECTED SUMS 5 

Remark 10. If we do not assume 10"^ = wf + w^ (mod 4), we get an extra factor 
e = (_l)(9-i)(«''-«'?-'"l)/2 in front of formula (1). 

Remark 11. The reason for the sign is easy to work out. First, w^ = wl+W2 (mod 2). 
Also, 

-l{l-h{X)+b^X)) = -^{l-h{X,) + b+{X,))-^-{l-h{X,) + b^X,))-3{9-l). 

Therefore, do{X,w) = dQ{Xi,w) + dQ{X2,w) + g — 1 (mod 2). Now the sign comes 
from the fact that the coefficient for the basic class —k is (— l)'^°c«;, being c^ the 
coefficient for the basic class k. 

Remark 12. If we are in the conditions of theorem 9, but g = 1, we get a slightly 
different answer [17, chapter 4] [14]. For all basic classes, it is iC,- ■ S = L^ ■ S = 0, 
and 

Corollary 13. Suppose we are in the conditions of theorem 9. Write Dx(e") = 
gQ(a)/2 ^ c^e^-'^, Oxi(e") = e^(")/2 ^a^e^J-" and Dx2(e°) = e^^'^^/^J^he^""' for the 
Donaldson series for X , Xi and X2, respectively. Then given any pair {K, L) G 
H\X°; Z) © H\XI; Z), we have 

{k/k\xo=K,k\xo=L} Kj\xo=K Lk\x°=L 

whenever K\y = L\y = ±(2(7 — 2)P.D.[E>^]. Otherwise, the left hand side is zero. 
Proof. Allowing D to vary in 7i, formula (1) gives 

{k/k\xo=K,k\xo=L} Ii^\xo^K (2) 

We cannot have more precise information on k as we cannot evaluate D^ on all 
D e H2{X). Now take w = P.D.[D] e H^{X;Z), wi = P.D.[Di] e H^{Xi;Z) 
and W2 = P.I).[D2] G H'^{X2;Z) with w'^ = wf + wl and w ■ S = 1. Substitute 
in (2) t = 7ri/2 and multiply by (-l)«''/2 = (_i)«'?/2 (_i)«-i/2^ ^^ g^^ ^^le sought 
expression. D 

Remark 14. In theorem 9 we cannot hope for having a similar formula for classes D 
such that D|y is not a multiple of [S^] in Hi{Y). This is due to the fact that we 
cannot find Di G H2{Xi) agreeing with D (i.e. Di\x° = D\x°, for i = 1,2). We 
would need to relate the invariant D^(e*^) with invariants of the form 3"^ (e*'^')? ^^ 
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suitable manifolds Xj containing X°, such that Di\x° = -D|x°- This was done in [18, 
theorem 10] for the case g = 2 (see also conjecture in section 5). 

This limitation prevents us from having more general results. For example, we do 
not know whether (under the conditions of theorem 9) there are basic classes k, for 
X = Xi7^2^2 such that |/t ■ S| < 2(7 — 2 or not (compare [18, corollary 11]). 

In some cases, theorem 9 is all that we need to find explicitly the basic classes for 
X. This is due to the fact that there is a subspace V C H2{X) where all the basic 
classes vanish, such that H2{X) = 7i © V. In [14, definition 4.1], Morgan and Szabo 
define admissible identification, which is a condition which implies that X = Xi#2-^2 
is of simple type and such V exists. 

Corollary 15. Suppose there exists a subspace V C H2{X) where all the basic classes 
vanish such that H2{X) = TiQV . Then there are no basic classes k, for X such that 
|/t ■ S| < 2g — 2. The basic classes for X are indexed by pairs of basic classes {Ki, Lj) 
for Xi and X2 respectively, such that Ki ■ T, = Lj ■ T, = ±{2g — 2). 

Remark 16. Corollary 13 agrees with the results of the kind for the Seiberg-Witten 
invariants [17, section 7.3]. Morgan, Szabo and Taubes [16] have proved the analogous 
result to corollary 13 for the Seiberg-Witten basic classes (not the part corresponding 
to basic classes k for X with \k, -T^l < 2g — 2). Both results are equivalent supposing 
true the conjecture of Witten [22] about the relationship of Donaldson and Seiberg- 
Witten invariants. 

Our last result is 

Theorem 17. Let S = i: x C¥\ w = P.D.[CF^] e H^{S;Z). Suppose that S is of 
finite type of order n > 1 with respect to w and w + S for the metrics defined by S 
(i.e. Dg' '{{x'^ — 4)"'2;) = 0, for all z G A{S)). Then for any (X, S) permissible, X 
is of finite type of order at most n with respect to any w G H'^{X; Z) with w • E = 1 
(mod 2) (and for metrics defined by S, in the case 6+ = 1). 

Acknowledgements: Thanks to my D. Phil, supervisor Simon Donaldson, for many 
helpful ideas. Also I am very grateful to the Mathematics Department in Universidad 
de Malaga for their hospitatility and support. 

2. Gluing theory 

Now we are going to develop the gluing theory necessary to prove theorem 9. The 
set up is as follows, X = X° Uy X2, where dX° = —8X2 = Y, an oriented three- 
manifold (later F = S x S^), w G H\X; Z), Wi = w\x, G H\X°; Z), and D G H2{X) 
a homology class. So -D|y G Hi{Y). We want to evaluate D^(D^), the invariant being 
linear, we may multiply D by any non-zero rational number, and hence suppose that 
D\y is either zero or primitive in L[i{Y; Z). Now we represent D by a cycle D G X 
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and put D° = Dn X°, which we shall write formally as D = D^ + D°, D° C X°. We 
can suppose dD" = —dD2 = 7, with 7 C V an embedded curve in Y, so when we 
give X° a cylindrical end, we have Df H {Y x [0, 00)) = 7 x [0, 00) (and analogously 
for X°). 

Proposition 18 ([2] [1] [17]). Suppose w\y odd. Then we have one of the following 
cases: 

• D\y = m Hi{Y;Z). Represent D by a cycle so D = Dl + D^, D^ C X°, 
dD" = dD^ = 0. Consider the Floer homology groups [2] HF^(Y) (graded 
mod 4). Then {X°,D°) define relative invariants 0'"i(X{', e*^") G HF^(Y) (g) 
Q[[t]], 0"'2(x^, e*^2) e HF^{-Y) ® Q[[t]]. There is a natural pairing HF^{Y) ® 
HF^{-Y) -> Q, such that 

Dj'^)(e*^) =< 0^"^^!°, e*^°), 0"'H^2, e*^^°) > • (3) 

• D|y 7^ 0. Substitute D by a rational multiple if necessary so that -D|y G HiiY; Z) 
is a primitive element in Hi{Y; Z). Represent D by a cycle so D = D^ + D2, 
D° C X° , dD° = —(9/^2 — 1> with 'J G Y an embedded curve in Y. Con- 
sider the Fukaya-Floer homology groups [1] HFF^{Y,'~f) (graded mod 4). Then 
iXf,Df) define relative invariants (p""^ {XI, e^^°) G HFF^Iy,-/), (f)'"^{X^,e^^^) G 
H F F^,{—Y, —'-/) . There is a natural pairing HFF^,{Y,'~f) ^ H F F^,{—Y, —'-/) -^ 

such that 



When h^ = 1, the invariants are calculated for a long neck, i.e. we refer to the 
invariants defined by S. 

Proof. • As explained in [2], the Floer homology groups HF^{Y) are well-defined 
since w\y is odd (this rules out problems with flat reducible connections on 
Y). Also, there are invariants 0'"i(X°, (D°)") G HF^(Y), ^'"''{X°,{D°)"') G 
HF,{-Y) such that Dp^\{D1)''{D°)"') =< 0"'i(X°, (D°)"), 0™2(x°, (D°)™) >. 
Now we write 

j-n 

from where the statement of the theorem. 
• Analogously, in [1] the Fukaya-Floer homology groups HFF^,{Y,'~f) are defined 
when w\y is odd. Associated to {X°,D°), there are invariants (f)'^^{X°,Dl) G 
HFF^{Y,-f) and 0'"2(X°,D^) G HFF^{-Y,--f), where 0"'i(X°,D°) is repre- 
sented by a Fukaya-Floer chain (0"'i(X°, (L)°)"))„>o, where 0'"i(X°, (D°)'^) G 
HF^{Y) (and analogously for {X^,D^)), such that Dp^\D'') = Eo<n<r (0 < 
(/."'i(X°, (£>?)"), 0'"^(X°, (£'2)''"") >• So we write formally 

■^^ n! 
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D 

Now we particularize to the case which concerns us, F = S x S^. Conjugation in 
the second factor produces an isomorphism Y = {—Y) (also (V, 7) — {—Y, —7)). As 
explained in [1] [17], HFF^{Y,'~f) is the limit of a spectral sequence whose E^-term. is 
HF,{Y) ® iJ*(CP°°) (here ^,(CP~) means the natural completion of H,{CF°°), i.e. 
Q[[t]]), with differencital ^3 given by 

/i(7) : HF,{Y) ® H^iCF^) -^ HF,_^{Y) ® /J,+2(CP°°). 

Let 7 = pt X §^ c S X §^. Now all the differentials in the -E3 term of the spectral se- 
quence are of the form H,^^{Mf^) -^ i7even(Mgdd) and H,,,^{Mf'^) ^ H,^^{Mf'^). 
The boundary cycle 7 = S^ is invariant under the action of the group Diff(S) on 
Y = E X S^, so the differentials commute with the action of Diff(S). As there 
are elements p G Diff(S) acting as —1 on H-^iJl), we have that p acts as —1 on 
Hodd{M^ ) and as 1 on H^veniM^ ). Therefore the differentials are zero and the 
spectral sequence degenerates in the third term. This implies that HFF^{Y^'-j) = 
HF^{Y) ® H*{CF°°) = V[[t]], where V = HF^{Y). Now the relative invariants for 
{X^, D1) can be written as 

0-(^i°,e*^?) = 5^-0-^(X°,(D°)") G V[[t]] 
^ — ^ n! 

where 0'"^(X°, (Z^^)") G HF^{Y) has perfect meaning. Under the isomorphism 

HFF^ = HFF^{Y,-f) = V[[t]], HFF^ becomes a Q[[t]]-module and HFF^®HFF^ -^ 

Q[[t]] is Q[[t]]-bilinear. 

Corollary 19. 1. There is a (rational) vector space V = HF^{Y) endowed with 
a bilinear form such that for every permissible (X, S), w G H^{X°;Z) with 
w\y an odd multiple of P.D.[E>^], and cycle D° C X° with dD° = 0, we have 
0"'(X°, e*^°) G V[[t]]. For X = X° Uy X°, D = D° + D^, dD° = dD^ = 0, we 
have 

Dj'^)(e*^) =< 0'"^(X°,e*^°),0"'^(X°,e*^^°) > . 
2. There is a canonical isomorphism HFF^[Y,Ei^) = V[[t]], such that for every 
permissible (X, S), w G iJ^(X°;Z) with w\y an odd multiple of P.D.[E>^], and 
cycle D° C X° with dD" = S\ we have 0™(X°, e*^°) G V[[t]]. For X = X° Uy 
X°, D = D° + D°, dDI = -dD° = S\ we have 



Dp^\e'^) =< 0'"HX°,e*^°),0"'2(X°,i 



>*^§) > 



Proposition 20. Let M^ be the moduli space of odd degree rank two stable vector 
bundles on S, which is a smooth variety [9]. Then there is an isomorphism 



HF,(Y) = H,{M\ 



odd) 



as vector spaces (we are using rational coefficients) , where we reduce the grading of 
H^{M°'^'^) modulo 4. 
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Proof. Dostoglou and Salamon [5] prove //F,(S x S^) ^ /JFf °^p(M£^'^). It is the 
particular case where we consider = id : S ^ S, in which the mapping torus 
of is S X S^. As explained in the introduction of [5], M^ is connected, simply 
connected and n2{M^'^'^) = Z, so the groups H F^^"''^ {M^'^'^) are well-defined. Now 
/7i?|ymp(j^^odd) ^ H^{M^'^'^) is a standard result obtained by Floer himself [7] for 
proving the Arnold conjecture. D 

There is a map 

given by iJ,{a) = — |pi(V)/4, where V -^ S x M^'^^ is the associated universal 5*0(3)- 
bundle, pi(V) G H'^iT.xM^'^'^) its first Pontrjagin class. Fix abasis {7^} of i7i(S). Let 
a = /i(S), 6 = Ai(a;), q = /i(7i). These elements generate if*(M2'^'^) as a ring [9] [21]. 
So there is a basis for V = H*(M^ ) with elements of the form 

/„ = a"6™c,,---Q, G\/, 

for a finite set of indices of the form a = {n,m;ii, . . . ,ir), n,m > 0, r > 0, 1 < ii < 
■ ■ ■ < ir < '2g. Let A^ = dim V. We order the set of indices {a} so we identify such 
set with {!,... , A^} and write 1 < a < A^ in general. 

Let I be the ideal of H*(M^ ) generated by ci, . . . , C2g- Then the elements a"'b"^, 
< n,m < g, generate the quotient H*[M^'^)/I (see [9]). So we can suppose these 
elements are the first g^ elements in the basis {/«}, i.e. for 1 < a < g"^. 

The intersection pairing in H*{M^ ) is given by 

Therefore the intersection matrix (< /„, fp >) is invertible. 

Here we recall that we have defined the manifold A = S x D^, with boundary 
F = E X §\ and let A = pt x D^ (- ^ \^q ^j^g horizontal slice with (9A = §^ Put 
w = P.D.[A] G H\A; Z). Put A(S) = Sym*(/Jo(S) © i/2(S)) ® A* ^i(S), so there is 
a natural map A(S) -^ A(X), whenever S ^^ X. Then we define 

z^ = S"x™7n---7veA(S), 

e« = 0-(A,z„e*^)GiJFF,(r,§i) = \/[[t]]. 

Lemma 21. The intersection matrix (< 6^,6^ >) (with coefficients in Q,[[t]]) is in- 
vertible. Therefore, {e^} is a basis for HFF^iY) = V[[t]]. 

Proof. As the elements fa G H*(M^ ) have an integer degree between and 6g — 
6 = dimM^ , we can reorder the basis {fa} such that the degree goes increasing 
(we use this special ordering only in this lemma). Now Za = S"'x™7ii ■ ■ -7^, Z/3 = 
S" X™ 7j' ■ ■ ■ 7j; and 

< ea,ef, >=< r{A,Zae'^),r{A,zpe''^) >= ^^^'^^.(^^V"'), 
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where w = P.D.[CP^] G H^{^ x CP^;Z). The matrix (< 6^,6^ >) has coefficients in 
Q[[t]], so it is invertible if and only if its determinant is a unit in Q[[t]], i.e. when we 
put t = we obtain an invertible matrix with rational coefficients. Now 



< e 



Jw,j:) 



a,e/3 > \t=0 — D^^^^i{ZaZ^). 



The lowest dimension of the moduli spaces of anti-self-dual connections for S x CP^ 
is 6g — 6, so if deg z^ + deg Zfs < 6g — 6 then < e^, e^ > |f=o = 0. The moduli space of 
dimension 6g — 6 corresponds to pi = and w = P.D.[CP^]. All of these connections 
are flat and irreducible, actually pull-back of flat connections on S with w|s odd, so 



the corresponding moduli space is isomorphic to M^ . Thus if degz^-l-deg^/j = 6g—6 
then < Cq,, 6/3 > |i=o =< fa, fp >■ The matrix (< fa, fp >) is of the form 

/ ■ ■ ■ Ao \ 
■■■ A 

V A6^_6 ■ • • / 

where Ai are submatrices corresponding to the intersection product 

So all Ai have non- vanishing determinant det Ai G Q. Finally, we have that the 
matrix (< 6^,6^3 > |i=o) is 

/ ■■■ Ao\ 

■■■ Ai * 



\ ^65-6 



* * 



/ 



and it is invertible. 



D 



3. Proof of Theorem 9 

By the above lemma, {cq,} is a basis of V^[[t]], so there is an isomorphism 

V[[t]] -. Q^[[t]] 



The important feature is that if (Xi, Si) is permissible, w G H'^{Xi; Z) with w-Ti = 1 
(mod 2), D1 C X° with dD'^ = §\ Di = Df + A, then = 0™(X°,e*^i) goes to 
{cx,At))i<a<N e Q^[[t]], where 

The pairing in V[[t]] corresponds through the isomorphism to a pairing in Q^[[t]], 
which is Q[[t]] -bilinear, hence given by a matrix of Q[[t]] -coefficients {Maii{t))i<a,ii<N ■ 
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This matrix is universal (only dependent on the data necessary for the construction 
of the Fukaya-Floer groups, i.e. {Y,'~f), and on the chosen basis). 

Now if (Xi,Si) and (X2, S2) are permissible, let X = X(0) = Xi#5]-^2 (with an 
identification 0) be the connected sum along S, with the induded homology orienta- 
tion. Let D e H2{X) with D = D1 + D°, dD° = -dD° = S\ Put A = D° + A. 

Then (here cxUt) = D^xf'\^c.e'''^) ^ cx.At) = D^xf\^P^'''')). 

Dj''^)(e*^) =< 0-(X°, e*^°), 0-(x°, e*^^°) >= Y. cx„.(t)M,^(t)cx„/3(t) 

l<a,l3<N (6) 

Now suppose that Xi has 61 = 0. Then cxi,a{t) = whenever r > (recall 
a = {n,m;ii, . . . ,ir))- So the only non-zero coordinates correspond to Za = S"x™, 
< n,m < g — 1. Suppose furthermore Xi of simple type with 61 = and 6+ > 1, 
so for z = {x^ - 4)S"x™-2, 0<n<g-l, 2<m<g-l, D^^f'\ze^^^) = 0, hence 
changing the basis {za}, all coordinates Cxi,a{t) are zero except for the first 2g of 
them, corresponding to Za = S" and Za = S^x, < n < g — 1. 

Lemma 22. Let (Xi,Si) be permissible, with Si of genus g, Xi of simple type with 
bi = and 6+ > 1, (w,S) allowable and Di G H2{Xi) with Z^i • S = 1. Then 
D^-^f\e''''z) = for 

;i - f )(S + 1)((S + 1)2 + 42)((S + 1)2 + 82) . . . ((S + 1)2 + {2g - 4)2) (^ et;en 
;i + f )(S + 1)(S - 3)(S + 5) ■ • ■ (S - (2(? - 3)) (? odd 

Proof. Suppose, for instance, g even. By remark 4, for any polynomial p(S) in E, 

a; 



)K^)((1 _ -)p(S)e*^^) = 2e-'3(*^^)/2 ^ ,-rfop((_/)^ + ,;^^.) . s)a,-^e^*^^-^^ 

_ft:j-E=0 (mod 4) 



Now Di ■ S = 1, SO the expression above vanishes when p(S) has roots —1,-1 ± 
4i, . . . - 1 ± (2^ - 4)i. D 

Note that z = (1 ± |)p(S) with p of degree g — 1- Let us choose a basis {-Zq} with 
Zi, . . . Z2g-i being the elements 

1, 2_(, Zj , . . . , Zj , X, ZjX, . . . , Zj X, 

2:23 = z, also Z2g+i,... , -2g2 being the elements {x"^ — 4)S"a;'"~2^ < n < g — 1, 
2 < m < g — 1 and 6^2+1, ... , e^v having all r > 0. So, when Xi is of simple type 
with bi = and 6"^ > 1, 

0-(x°,e*^°)eQ'^~MW]c\/[[t]], 

where Q25^^ is the orthogonal complement to < e2g, ... , cat > in y. 
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Formula (6) reduces to (when both Xi are of simple type with 61 = and h^ > 1) 

Dp''\e'^) = Yl cxUt)Ma,{t)cxMt), (7) 



l<a,/3<29-l 

where 



cxUt) = ^ ^""^ 



L)5";^)(S"e*^i) if < n < ^ - 1, a = (n, 0; ) = n + 1 

Dj;^^(S"a;e*^i) if0<n<^-2, a = (n, l;) = n + ^ + l 



KyT,=2 (mod 4) Kj-Y;=0 (mod 4) 

Kj-I;=2 (mod 4) Kj-i:=0 (mod 4) 

and analogously for Cx2,iiif)- 

So it is easy to find another basis {zi, . . . , -229-1 } (which we do not write explicitly) 
spanning Q^^^^ such that 

( gO(tDi)/2 ^ aj^^e'^^D^ if pis odd 

cx„a[t} - <. ^-Q(tD,)/2 j2 ^-'^oa.-^e*^^^-^! if pis even 

y Kj-T.=2p 

where a = 1, . . . ,2g — 1 corresponds to p = g — 1, —{g — l),g — 2,—{g — 2), . . . ,0. 
Formula (7) yields 

Z}J'^)(e*^) = Yl cxUt)M^pit)cx,At) (8) 

l<a,f3<2g-l 

with Cx2,i3it) defined analogously to cxi,a(t), with the letter q in the place of p. 
Lemma 23. The matrix (Majsit)) is diagonal. 

Proof. First we note that 

p odd p even 

We use equation (8) for D + |S, Di + |S and D2, so 

^j«,s)^^iD+.S) ^ ^ cx,a(t)M«^(t)cx„;3(t)e2p^+ 5^ cx„a(t)M«^(t)cx„;3(t)e2^^^ 

l<a,/3<2g-l l<a,/3<2g-l 

p odd p odd 

Then 

CXa(^) = ^CXi,Q(t)M«^(t)cx2,/3(t). 

Let us see that Mapit) = unless /9 = a. Suppose, for instance, that p is odd. If 
we write now D = {D° + rS) + {D2 — tS), the left hand side of the expression above 
remains unchanged, but the right hand side is a sum of exponentials e*-^^"^'^-'^, q odd, 
and e^^P"^'^*)'', q even. So it when g 7^ p, it is Map{t) = 0. D 
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Formula (8) gives 



D5"'^)(e*^) = V e«(*^^)/^+«(*^^)/2M«,(t)G,-^6,,^e*^^-^^+*^-^H 



Kj-T,=Lk-T,=2p, p odd 
j^ \~^ ^-Q{tDi)/2-Q{tD2)/2jYf U\j^-do{Xi,wi)-do{X2,W2)^^ ^ ^ti Kj-Di+ti Lk-Dz 

Kj-T,=Li^-T,=2p, p even 

Obviously D^ = D\ + D2- We are assuming that X is of simple type and recall 
that 61 (X) = and h^{X) > 1. By remark 11, do^X^w) — do{Xi,Wi) — do{X2,W2) = 
w'^ — wf — wl — 3{g — 1) = g — 1 (mod 4) (since we are assuming 10"^ = wf + vol 
(mod 4)), so 



(e*^) = ^Qm/2 J2 i'M^^{t)a,,^h,u,e' 



JKyDl+tLk-D2 

"X^^ ■ - ■ 



-(9-l)<p<9-l 

where s = when "p is odd and s = g — \ when "p is even. As g is not dependent on 
the particular manifolds, we absorb this factor into the matrix without affecting its 
universality. 

This expression is valid for any D G if 2 (AT) such that D\y = S^. We note that 
it does not change if we change {Di, D2) for {Di + rS, D2 — tS), as expected. This 
means that we only need to assume the conditions: D and D^ coincide in X°, i = 1,2, 
and D^ = Df + D|. Now take a linear map D t-^ {Di, D2) from the subspace 
H = {D G H2{X) / D\y = k[S^], some k}, satisfying the former conditions. As the 
set of D G H2{X) with D|y a non-zero multiple of S^ is dense in 7i, we have that for 
any D E H, 

i^j-E=Lfc-S=2p 

Lemma 24. Maa{t) = 0, except for a = 1, 2. 

Proof. Let Y be the K3 surface, which is a manifold of simple type with bi = and 
b^ > 1 (see [12]). Consider a tight embedded Riemann surface H' "^^ Y of genus g' < g 
and self-intersection zero. By definition of tightness (see [12]), (S')^ = 2g' — 2. To 
construct it, we consider an elliptic fibration for the K3 surface. Let T be a generic 
fibre (which is a torus of self-intersection zero) and let S* be a section represented 
by a sphere of self-intersection —2. Then consider S together with g' generic fibres 
and smooth out the intersection points. Call the resulting Riemann surface S'. It is 
homologous to S* + g'T, it has genus g' and self-intersection 2g' — 2, as required. 

We blow-up Y at 2g' - 2 points in S', to get Xi = F#(2^' - 2)CPl The proper 
transform of S' is a Riemann surface of genus g' and self-intersection zero. Perform 
an internal connected sum with g — g' homologically trivial tori to obtain a Riemann 
surface Si of genus g and self-intersection zero. If Ei, . . . , E2g'-2 sue the exceptional 
divisors. Si is homologous to S' -|- _Ei -|- ■ ■ ■ -|- E2g'-2- 
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Moreover, the basic classes of Xi are ±Ei + ■ ■ ■ ± i?2g'-2- They all satisfy /t ■ Si < 
2g' — 2 and there is exactly one, K = Ei + ■ ■ ■ + E2g'-2, satisfying the equality. 

Let (X2, S2) = (Xi,Si), and consider X = Xi^y.X2 with the preferred identi- 
fication of remark 7 (double of Xi along Si). Then X splits off a S^ x S^, so its 
invariants are zero (see [16, section 4.3] for this well-known phenomenon). As in the 
proof of lemma 23, cx,ait) = Cxi,a(t) Maa(t)cx2,a(t) ■ We proceed by induction from 
^' = 1, 2, . . . , ^ - 1 and get M^J(t) = 0, for a > 3. D 

Formula (9) becomes 

D- (e*^) = e«(*^)/2 J2 Mn(t(D-S))a,-^6fc,^e*^^-^^+*^^-^2 + 



_^^QitD)/2 Y^ M22(t(Z)-S))a,,^6,,^e*^^-^i+*^-^^ (10) 

Now let us compute Mii(t) and M22(t). We can do that with a particular example 
of connected sum along a surface of genus g in which the invariants are known for 
Xi, X2 and X = Xi#sX2. 

Definition 25. We are going to define the following smooth manifolds: 

• Let Sn be the minimal elliptic surface with no multiple fibres and geometric 
genus Pg = n — 1. This is unique up to diffeomorphism [8]. .Si is the rational 

elliptic surface, i.e. Si = CP^#9CPl 

• Let Si be the blow-up of 6*1 at one point. Therefore, §1 = CP^#10CP . Consider 
a particular elliptic fibration for Si with section a (of self-intersection —1) and 
fibre F. Call E the exceptional divisor, so 5*1 has an elliptic fibration with 
fibre the torus Ti = F and there is another embedded torus T2 homologous to 
a + Ti- E with T^ = and Ti ■ T2 = 1. 

• Let Bg = S'i#Ti'S'i#Ti ■ ■ ■#Ti'S'i (connected sums along Ti's with the preferred 

9 

identification), which is diffeomorphic to Sg^^gCF . It contains an embedded 
torus Ti of self-intersection zero and a Riemann surface of genus g (and self- 
intersection zero) made up gluing smoothly the T2's coming from each Si. Actu- 
ally, the elliptic surface Sg has a section (Xg with a"| = —(7, and S^ can be taken 
to be the proper transform of ag. Clearly, S^, ■ Ti = 1, so {Bg, S^,) is permissible. 
Bg is of simple type with 61 = 0, 6^ > 1 (as g > 2). 

• Let Cg = Bg^Y, Bg wlth the preferred identification. It contains a Riemann 

surface S2 of genus 2 and self-intersection zero made up from gluing smoothly 
the Ti's. If we perform instead the connected sum of two Si along T2, we get B2 = 
'S'i#T2'S'i with an embedded Riemann surface S2 of genus 2 and self-intersection 
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zero, coming from smoothly gluing the Ti's. Clearly {B2, S2) = (-B2, S2). Now 
Cg = Bgij^Y.gBg = 52#|;2 • ■ ■ i^±^B2 . 

" V ' 

9 

By [18, theorem 10], Cg is of simple type with bi = and 6^ > 1. Alternatively, 
we can use [12], since it contains a torus of self-intersection intersecting an 
embedded (— 2)-sphere transversely in one point (see proposition 27). 

Proposition 26. Consider {Bg, Hg). Let Kb be the canonical class of Eg, and w = 
P.D.[Ti] e H'^iBg; Z). Then D^^(e') = ^e'^/^e^^^ + ^e^/^e"^^^ +■■■, where 
the dots correspond to basic classes k, for Bg with \k, ■ J]g\ < 2g — 2. 

Proof. Write Bg as Sgj^gCF . Let F be the fibre of the natural elliptic fibration 
(i.e. F = Ti). Let Ei, . . . ,Eg be the exceptional divisors. Then the basic classes 
are A;F ± ^1 ± ^2 ■ ■ ■ ± Eg, with -(^ - 2) < A; < (^ - 2) and A; = ^ - 2 (mod 2) 
(see [12] [6]). So the only basic class k with k ■ J]g = 2g — 2 is the canonical class 
KB, = ig-2)F + Ei + E2 + --- + Eg. Therefore [12] [6] 

3b^ (e*) = e^/2 (sinh Ff"^ sinh Ei ■ ■ ■ sinh Eg = ^^e^/^e^^^ + -^e^^^e'^^^ +■■■ 

Z, ^ Zs ^ 

Now we note from proposition 1 that for w = Ti, D|^ = ©Bg, since w ■ k = for all 
basic classes k, hence the result. D 

Proposition 27. Cg is of simple type. For w = P.D.[T.2] G H'^iCg','^), 

for a unique basic class K = Kcg G H'^{Cg\ Z), such that K ■T12 = '^, K -Tig = 2g — 2. 
Proof. By propositon 26 and proposition 3, 

where the dots correspond to basic classes k with k • £2 = 0. Now we express 

Cg = -B2#s ■ ■ ■ #s B2 and use [18, theorem 6], 

^ ^—^ — ' 

9 

where K = Kc G H^{Cg\ Z) is defined as the unique cohomology class such that 

• K -±2 = 2 

• K ■J:g = 2g-2 
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• Writing Cg = C^^^ Uy B2, one has K ■ (ai + 0:2) = ^Cg-i ■ ^i + Kj^^ ■ 0:2, where 
ai G H2{C"g_,) and 02 G //2(4°)- 

• Write B° = {Si - {Nt, UNt,)) Uy^Nr.ndNr, {Si - (Nt.UNt,)). For any 7 C S C 
S X S"*^ = ONti disjoint from Nt2, we consider the vanishing discs for Si with 
elhptic fibration with fibre Ti (see [8, page 167]). These are embedded (— l)-discs. 
So, in the terminology of [14], the preferred identification for Cg = C"^ Uy i?f is 
admissible. By remark 14, in the first place Cg is of simple type. In the second 
place, there is a subspace V C H2{X) such that H2{X) = 7iQ)V and K ■ a = 0, 
for all a E V. 

For w = P.D.[S2], using proposition 3 again, 

D 



gj^ 



Finally, we can find Mn{t) and M22(t). Let (Xi,Si) = (X2, S2) = (5g, S 

wi = W2 = P.D.[T2], Di = D2 = T2 and X = C^, w = P.D.P2], D = ±2, ^ = ^g, so 
formula (10) and proposition 26 yield 



r^e^^^^^) = e*^(Mn(t)-^ie(2^-^)^ + M22(t)-i: 



1 1 r^„_^^„ ,, /.x 1 1 -(2g-2)s\ 



229-2223-2 ^^W 229-2229-2 

and use proposition 27 to get 

p«>/gtD+sSx ^ gts/_239-5g2t+{29-2)s _^ /_-|^X923s-5e~2*"(25'"2)'') 

from where Mii(t) = -2^»"9e2*, M22(t) = (-l)^2^»-9g-2t^ r^j^j^ finishes the proof of 
theorem 9. 

4. Proof of Theorem 17 

Let 5 = S X C¥\ w = P.D.[CP^] e H\S;Z). Suppose that 5 is of finite type of 
order n > 1 with respect to w and w + E for the metrics defined by S. Then 

= 4"'^)((x2 - 4)"z,e*"') =< r{A, {x^ - Are'"'), e, > 

for all a. From lemma 21, 0"'(A, (a;^ — 4)"'e*^) = 0. Then consider (X, S) permissible, 
w e H^{X; Z) with w -^ = 1 (mod 2), X = X° Uy A. For any D G i/2(^) with 
D ■ S = 1, we can write D = D° + A, so 

Dp^\{x^ - 4)"e*^) =< 0"'(X°, e*^°), 0"'(A, (a;' - 4)V^) >= 0. 

We conclude that Dp^\{x^ - 4)"e*^) = for all D G H2iX), i.e. X is of finite type 
of order at most n with respect to w. 
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5. Conjecture 

Following our results in [18] for the case of genus g = 2, we propose the following 
conjecture. 

For any {X, S) permissible, define X = X^Y.Bg (we need to fix one identification 
arbitrarily). Then h'^{X) > 1 and also bi{X) = whenever bi{X) = 0. For any cycle 
D° C X° with dD° = 7 C y an embedded curve (when X° has a cylindrical end, 
D°n(r X [0,oo)) = 7X [0,oo) ), we choose cappings D = D° + D%^, dD%^ = -7. The 

cappings have to satisfy the following condition. In Bg = Sgi^gCF (see definition 25), 
we fix an embedded surface S representing Cg, intersecting S^ transversely in g points. 
Put S" = S n B°, then we impose that D'^ ■ S° = (the pairing makes sense as long 
as 7 and dD° are disjoint) 

Conjecture 28. Let {Xi, Si) and {X2, S2) be permissible with X-i having 61 = (we 
do not suppose that they are of simple type). Consider X^. Then Xi are of simple 
type. Put ©|^(e") = e^^^^/^ ^ 5j>e-^^-" and ©|^(e") = e^^^^/^ ^6fe,^e-^'=-". Choose 
any identification and let X = X{(j)) = Xi 7^2-^2 be the connected sum along S, with 
the induded homology orientation. Then X is of simple type. Choose w G H^{X; Z), 
Wi G H'^{Xi\7j) in a compatible way such that Wi\Bo = kP.D.[Ti\\Bo. For every 
D G H2{X), we write D = D^ + D^ D^ C X°, with dD" = -dD° = 7' disjoint with 
dS" and consider cappings Di G H2{Xi) of D° as above, in such a way that the map 
D 1-^ {Di,D2) is linear. Then 

kyT.=Lk-T.=2g-2 

for e = (-l)(s-i){"'^-"'?-"'i)/2_ 
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